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Abstract. A variant of the classical selection problem, called the positioning
problem, is considered. In this problem we are given a sequence A[1:n] of size n, an
integer k, 1 < k < n, and a strict weak ordering &), and the task is to rearrange the
elements of the sequence in such way that A[k] & A[j] is false for all j, 1 < j < k,
and A[f] @ Alk] is false for all £, k < £ < n. We present a Las-Vegas algorithm
which carries out this rearrangement efficiently using only a constant amount of
additional space even if the input contains equal elements and if only pairwise
element comparisons are permitted. To be more precise, the algorithm solves the
positioning problem in-place in linear time using at most n + k + o(n) element
comparisons, k+o(n) element exchanges, and the probability for succeeding within

stated time bounds is at least 1 — e~ """

1. Introduction

In the selection problem the task is to find, given a multiset and an integer
k, the kth smallest element of the multiset. In this paper we consider a
variant of this problem—and call it the positioning problem—examined by
Hoare [9]: given a sequence A[l:n] of n elements, an integer k, 1 < k < n,
and a strict weak ordering &), rearrange the sequence in such a way that
Alk] & A[j] is false for all j, 1 < j < k, and A[¢] Q A[k] is false for all £,
k < £ < n. The routine accomplishing this task is called nth_element in
the C++ standard library [10, Clause 25].

A strict weak ordering & on the set of elements can be extended to the
lexicographical ordering on the set of element-index pairs in the usual way:
(Af7],7) Q (Alj],7) if and only if A[i] © A[j] or if Ali]] & A[j] and i < j.
Here the relation © is that induced by &, i.e., A[i] © A[j] if and only
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if both A[i] & A[j] and A[j] & Al7] are false, or it can be given as part of
input. If we had extra space available, the positioning problem for multisets
could be solved by tagging each element with its index, comparing these
pairs lexicographically, and applying any of the existing algorithms for sets.
However, if the rearrangement of the elements is to be done in-place, i.e.,
using only constant amount of extra space, the problem becomes non-trivial.

Without loss of generality, we assume that k¥ < [n/2]. If this is not the
case, the problem can be solved symmetrically by considering the end of
the input sequence A[l:n] as the beginning, by positioning the (n — k)th
smallest element in this reverse sequence, and by using the converse of the
given ordering relation in element comparisons.

The efficiency of sorting algorithms is traditionally measured by calculat-
ing the number of element comparisons performed. In particular, observe
that we allow only pairwise element comparisons. When the movement of
elements is done in a strict in-place manner, i.e., by swapping the elements
wordwise, the number of element exchanges is another natural performance
measure.

Of the classical selection algorithms [1, 5, 6, 9, 21] only the algorithm by
Hoare [9] operates in-place. If in his algorithm the partitioning is carried out
by using the indices to make the elements distinct as proposed, for example,
in [2], and if the median of three random elements is used as the partitioning
element in each partitioning, the algorithm performs at most 2.75n + o(n)
element comparisons on an average when positioning the [n/2]th element
in a sequence of n elements; for the exact bounds for general k, see [15]. It is
well-known that for a permutation of n distinct elements the average number
of element exchanges performed during each partitioning is 1/6 times that
of element comparisons (see, for example, [22, pp. 333—-334]). That is, when
positioning the [n/2]th element the average number of element exchanges
performed is bounded by 0.46n + o(n).

The algorithm of Floyd and Rivest [5, 6] (see also [18, Section 3.3] and
[20]), on which our algorithm is based, selects the kth smallest of n elements
using at most n + k + o(n) element comparisons. This algorithm can also
be used for positioning, not only for selection, but it was designed for sets.
Furthermore, it is of the Las Vegas type, i.e., it may fail to finish in time,
but it will always produce a correct result. From the lower bound of [4]
and Yao’s minimax principle (see, e.g., [18, Proposition 2.5]) it follows that
n+k—0O(1) is a lower bound on the expected number of element comparisons
performed by any Las-Vegas algorithm for selecting the kth smallest of n
elements.

In this paper we describe an in-place adaptation of the algorithm of Floyd
and Rivest [5, 6] which can handle multiset data efficiently. It carries out
the positioning of the kth element in a multiset of size n in O(n) time using
at most n + k + o(n) pairwise element comparisons and at most k + o(n)
element exchanges; the probability that these resource bounds are exceeded

is at most e~*™". To achieve these bounds two ordering relations & and
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© must be provided. If only & is given as part of input, the algorithm
may require 2n + o(n) element comparisons. Due to the above-mentioned
lower bound, if we ignore the lower order terms, the number of element com-
parisons performed is best possible. Also, the number of element exchanges
performed is optimal if we do not make any assumptions about the input.

For the selection problem several deterministic in-place algorithms have
been proposed [3, 7, 16], but none of these solve the positioning problem
as such. First, the algorithm of Lai and Wood [16] can be used for finding
the kth smallest element, but it will not carry out the partitioning required.
Of course, a simple solution is to carry out a three-way partitioning after
the selection, but this may require 2n additional element comparisons and
k additional element exchanges. It is possible to avoid these, but careful
modifications to the algorithm and its analysis will be necessary. Second,
both the algorithms of Carlsson and Sundstrém [3], and Lai and Wood [16],
as well as the algorithm of Geffert [7] which uses one of the above-mentioned
algorithms as a subroutine, rely on three-way element comparisons. A naive
solution is to replace each three-way comparison with two binary compar-
isons, but this will double the comparison count. In the full version of this
paper we describe a deterministic in-place algorithm for positioning which
requires 3.64n + 0.72k + o(n) pairwise element comparisons, but not even
this will get close to the bound achieved by the randomized method.

2. Bit encoding

Our in-place positioning algorithm relies on the bit encoding technique in-
troduced by Munro [19]. This technique has turned out to be crucial in
many other in-place algorithms (see, for example, [11, 12, 14, 16, 17]). In
this section we describe how the technique is used in the present context.

Two distinct elements = and y, £ & y, can be used to represent a 0-bit by
storing them in two consecutive locations in order zy, and a 1-bit by storing
them in order yz. By using [log,(n + 1)] such pairs an integer value up
to n can be represented. To read the value or to update the value of such
an integer, O(log, n) element comparisons and O(log, n) element exchanges
might be necessary.

Assume that n is the input size of the positioning problem. For fixed
integer ¢ > 1 and real number 0 < S < 1, our algorithm will need cn?
integers whose value is between 0 and n. In order to represent these integers
using the bit encoding technique we find cn®2[logy(n + 1)] distinct elements
and transfer these into the beginning of the input sequence. Next we describe
how this preprocessing is done.

For the sake of brevity, let b = cn®2[logy(n + 1)]. First, we sort the b first
elements of the input; let B be the resulting section. Here any in-place sort-
ing algorithm can be used, e.g., heapsort [23] or in-place mergesort [13]. This
requires O(blog, b) time. If each element in B has less than /2 duplicates—
this check requires O(b) time—the elements B[i] and B[b/2+ i] must be dis-
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tinct for all = 1,2,...,b/2 and each of these pairs can be used to represent
a bit. The interleaving of the first and the second half of B, i.e., moving the
pairs B[i] and B[b/2 + i] into consecutive locations for ¢ = 1,2,...,b/2, is
easily carried out in-place in O(blog, b) time. At the same time the bits can
be initialized to zero. In this case the construction is complete.

Second, if some element, say z, appears in B at least b/2 times, we scan
the remaining sequence to find b/2 elements that are different from 2. Before
starting the scan we move all elements of B different from z to the beginning
of B forming a section B;. This requires a single block interchange, i.e., O(b)
time. The rest elements, elements equal to z, are divided to two consecutive
sections, By and Bs, so that Bs includes b/2 elements and B, what is left.
The section By between By and Bs is to be filled with elements different
from z. After B3 there is a section, call it F, that also contains elements
equal to z. That is, during the scan the input sequence has the form:

B1|Bo| Bs E ?
~~ ~ =
[p

#2 =z

If the element pointed to by cursor p is equal to z, the cursor is incremented
by one, E is made one larger, and the element at the new cursor position
is examined next. Otherwise, the element pointed to is swapped with the
first element of Bs, By becomes one larger, By one smaller, E one larger,
the cursor is incremented by one, and the new cursor position is considered
next. The scan is stopped when By gets full or when the end of the input
sequence is reached.

If the end of the sequence is reached before By gets full, we know that most
of the elements are equal to z and the underlying positioning problem is easy
to solve. The elements in B are sorted; let B denote the section of elements
less than z in the sorting results and B the section of elements larger than
z. Then the contents of B~ is swapped with a block of equal size at the end
of By U B3 U E. Since after this the whole sequence is in sorted order, the
kth smallest element is correctly positioned. The sorting of By requires at
most O(blog, b) time, and the block swap involving B at most O(b) time.
During the scan one element comparison is made for each element kept in
E if the ordering relation & is provided. Since blog, b = o(n), this special
case is solved in O(n) time using at most n+ o(n) element comparisons and
at most o(n) element exchanges. If only the ordering relation & is provided,
two comparisons per element might be necessary.

Let us hereafter assume that there are enough elements different from z.
Assume that the configuration after the scan is B1B3EU, where U denotes
the rest of the sequence not yet touched. As earlier, the interleaving of
B; and Bj requires O(blog, b) time. This completes the preprocessing and
the final configuration is BEU, B containing the consecutive pairs that can
be used for representing b/2 bits. To get to this configuration O(n) time
has been used and it is necessary to carry out one element comparison for
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each element in E (or two if only the ordering relation & is provided).
Potentially, £ can be large, but later on we can avoid the comparisons
involving the elements in F since these are known to be equal to z.

3. Randomized positioning

As our starting point we use a non-recursive variant of the selection algo-
rithm of Floyd and Rivest [5, 6] described, for example, in [18, Section 3.3].
The basic idea is to draw a small random sample from the input sequence
with replacement, choose two sample elements = and y, z & y, and then
partition the sequence into three sections: the elements lexicographically
less than z, the elements between z and y, including themselves, and the
elements lexicographically greater than y. The crux is how to choose el-
ements z and y such that the number of elements between them is o(n),
x is lexicographically less than the kth element, and y is lexicographically
greater than the kth element. If these conditions are satisfied, it is easy to
move the kth element to its correct position by sorting the elements falling
between z and y, and this sorting takes only o(n) time.

Let us now turn our attention to implementation details. Assume that
we have preprocessed the input sequence as described in Section 2 for b =
4nP[logy(n+1)], where the constant 8, 0 < 8 < 1, will be determined later,
and that the sequence has the form BEU. Let T be a shorthand notation
for the union of sections E and U, and let m = |T'| = n —b. The positioning
of the kth element is accomplished as follows.

Take a random sample. Let s = m®. Draw s random integers, indepen-
dently and uniformly, from the range {1,2,...,m} and store these numbers
in B in encoded form. Clearly, this requires O(slog, n) time.

Sort the s integers in B using any in-place sorting algorithm. Each time
two numbers are swapped their encodings in B are swapped as well. There-
fore, this sorting requires O(slog, slogyn) time.

Scan the sorted number sequence, starting from the back, determine the
multiplicity of each number, and save the original number together with its
multiplicity in encoded form in B. Because the B section is is so large,
the old sequence and the new sequence cannot overlap during this process.
Due to the manipulation of the encoded number representations the scan
requires O(slogy n) time.

The integers in the number sequence indicate the indices of the elements
to be chosen to the random sample, and the multiplicities tell how many
times each element appears in the sample. That is, the sampling is done
with replacement. Now scan the number sequence and gather the elements
chosen to the sample together to the beginning of T', call the resulting section
S. Again, since encoded representations are manipulated, this scan requires
O(slogyn) time.

Choose elements z and y. Sort the elements in S using any in-place
sorting algorithm. When in this process two elements are swapped, also the
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encoded indices and multiplicities in B are swapped. Thus, this requires
O(slogs slogy m) time.

Let o and 7 be some fixed constants, 0 < a < f < v < 1. If k < m7,
let A = v = 2m"s/m. On the other hand, if £ > m?, let yy = (k — b)s/m,
pr = (K + b)s/m, Ay = m®uy/?, Ay = mpr"?, X = max{1, sy — A}, and
v = min{[p,+A,],s}. Now scan the S section to find the Ath element of the
sample, call it z, and the vth element, call it 9. Since in this scan we have to
determinate the value of multiplicities one by one, it takes O(slog,n) time.
After this the indices of x and y are saved.

Undo element moves in 7. Once more sort the elements in .S, but now
use their indices as keys. Again the encoded indices and multiplicities in
B are moved accordingly. After this, move the elements in S back to their
original positions. This is done backwards starting from the rear. In total,
this requires O(s log, slogy n) time.

Carry out two-way partitioning. If ¥ < m?, perform a two-way par-
titioning of T using y as the partitioning element. Let M (R) denote the
section of elements lexicographically smaller than or equal to (larger than)
y. Initially, both M and R are empty. We use a modification of the meeting
cursors strategy by Hoare [9]. Initially, the two cursors p and ¢ are at their
respective ends of T', and they are gradually moved toward each other until
they meet. The partitioning should be done carefully so that each element
of U is compared to y exactly once, and that the comparison between the
elements of F and y are avoided as far as possible. To achieve this, the rela-
tionship between z and y is determined before partitioning, and during the
partitioning, when cursors p or ¢ are in the F section, the elements pointed
to by them are not compared to y, but the outcome of the initial comparison
is recalled.

The partitioning procedure consists of three loops which all are similar in
structure. In the first loop the cursors p and ¢ are moved toward the centre
until one of them meets the index of y. Depending on whether p or ¢ meets
the index first, there are two other loops. In both of these the movement
of the cursors is continued until the cursors meet each other. Let us now
consider the first loop in detail; the other two loops are similar and hence
their consideration is omitted.

We maintain the following invariant in the first loop:

B M ? Y ? R
If the element pointed to by p is larger than y, the cursor is stopped; oth-
erwise M is made one larger and the cursor p is incremented by one. If the
element pointed to by ¢ is smaller than y, also this cursor is stopped; oth-
erwise R is made one larger and the cursor ¢ is decremented by one. After
both cursors are stopped, the elements pointed to by them are swapped.
This makes both M and R one larger. Cursor p is incremented by one and
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cursor ¢ is decremented by one, and the process is repeated until one of the
cursors meets the index of y.

Clearly, this two-way partitioning is carried out in O(m) time and at most
|U| + O(1) element comparisons are performed. For each element moved to
M an element exchange might be necessary. With high probability the final
size of the M section will be o(m) so only o(m) element exchanges will be
necessary in this case.

Perform three-way partitioning. If m” < k < [m/2], perform three-
way partitioning using x and y as the partitioning elements and collect the
elements falling between them (including z and y) into M. Let L denote
the section containing elements lexicographically smaller than = and R the
section containing those larger than y. There are two symmetric cases de-
pending on whether the index of x is smaller than or larger than the index
of y. We consider only the first case here; the other case is similar.

Again the partitioning is based on the meeting cursors strategy. The
partitioning routine consists of several symmetric loops depending on the
relative positions of the cursors p and ¢ and the index of z and the index
of y. We consider here only the first loop when the cursors have not yet
met the index of x or the index of y. During the process we maintain the
following invariant:

B M L ? T Y W R | M

~ 7~

E p v q

We maintain an M section both in the beginning of the sequence and in
the end of the sequence, and then at the end swap the M sections into the
middle. The elements in the F section are handled as in two-way partitioning
in order to avoid unnecessary element comparisons.

Consider the invariant maintained in the first partitioning loop. Each
element under consideration is always compared first to ¥, and thereafter to
z if necessary. If the element pointed to by cursor p is larger than y, the
cursor is stopped; if not and if it is larger than z, it belongs to M and it is
exchanged with the first element of L, which makes the first M section one
larger, moves the L section one position to the right, and thereafter cursor p
is incremented by one. Otherwise, the element under consideration belongs
to L, and that section is made one larger and cursor p is incremented by
one. The movement of ¢ backwards is done equally carefully using the M
section at the end. After both cursors are stopped, the underlying elements
are exchanged, and the process is repeated until one of the cursors meets
the index of = or the index of y.

From this implementation it is clearly seen that three-way partitioning
runs in O(m) time. Each element of U is compared to y and possibly to
z. Hence, the total number of element comparisons is bounded by |U| +
min{|U|, k + o(m)} + O(1). With high probability, the final size of the M
section will be o(m). Therefore, only the element exchanges involving an
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element of L are significant. With high probability, the L section will get at
most k + o(m) elements, so the number of element exchanges performed is
bounded by & + o(m).

Reordering. Change the configuration of the sequence from BV XZ
(where L might be empty if £ < m?) to VBXZ by swapping the elements
in B with a block of the same size at the end of L; if |L| < |B|, simply
interchange the order of the blocks in these sections. Since B contains
O(slogy n) elements, this interchange requires O(slog,n) time.

Finishing up. If |L| > k —bor |R| > n — k — b, the correct positioning
of the kth element is guaranteed by sorting the whole sequence using any
in-place sorting algorithm. This takes O(nlog, n) time, but the sorting will
be necessary with negligible probability.

Otherwise, the correct positioning of the kth element is guaranteed by
sorting the section BX in-place. This is the normal mode. With high
probability the final size of the M section will be o(m), and since the size
of the B section is bounded by O(slog, s), which is also o(m), this sorting
requires o(m) time.

4. Analysis

Now we are ready to prove our main theorem.
Theorem 1. Our Las-Vegas algorithm carries out the positioning of the
kth element in a multiset of size n in-place in O(n) time using at most
n+ k + o(n) pairwise element comparisons, and at most k + o(n) element
exchanges; these resource bounds are exceeded with probability e,
Proof. The space bound is obvious since all computations are performed
in-place. The final sorting guarantees that the algorithm is of the Las-Vegas
type. Since s = m?, 0 < B < 1, and m < n, all the phases where we operate
with the sample take O(s(logyn)?) = o(n) time. Hence, the computational
costs are dominated by the preprocessing phase, one of the partitioning
phases, and the final sorting phase. Consider first the normal mode, i.e., the
case that the kth element falls in M and |M| < n® for some €, 0 < ¢ < 1.
Clearly, in this case the running time of the algorithm is O(n), the number
of pairwise element comparisons sums to n + k + o(n), and that of element
exchanges to k + o(n).
The algorithm may fail to meet these resource bounds in six ways:
1. If Kk < m"” and M gets too small, so that the kth element is not in the
union of B and M. We will be pessimistic and say that a failure occurs
if y is lexicographically larger than the m7th element of T'.
2. If k < m” and M gets too large, so that the sorting phase is too costly.
Here we say that a failure occurs if |[M| > 4m?.
3. If £ > m" and U gets too large, so that U can contain the kth element.
This failure occurs if |U| > k — b.
4. If K > m” and R gets too large, so R can contain the kth element. This
failure occurs if |R| > n — k — b.
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5. If K > m” and the left boundary of M gets too far away to the left, so
that the sorting phase becomes costly. We say that this failure occurs
if z is lexicographically smaller than the (k — b — Aym/s)th element in
T.

6. Finally, it is possible that & > m” and the right boundary of M gets
too far away to the right. We say that this failure occurs if y is lexico-
graphically larger than the (K + b+ A,m/s)th element in 7.

The probabilities of these failures can be bounded above by using Chernoff
bounds (see [18, Theorem 4.2 and Theorem 4.3]). We consider here the
failure modes 2 and 3; the other four modes are handled in a similar way.

Failure mode 2. If this failure occurs, more than 4m?”s/m of the sample

elements are lexicographically larger than the (2m?)th element of T. Let
X; = 1, if the ith sample element is smaller than or equal to the (2m7)th
element of T, and X; = 0 otherwise. Thus, Pr[X; = 1] = 2m"/m, and
Pr[X; =0 =1—-2m"/m. For X =7 | X;, E[X] = 2m”s/m. Since X is

binomially distributed and X7, Xo,..., X, are all independent, we can use
[18, Theorem 4.2] to bound its upper tail probability:
Pr[X > 4m”s/m] = Pr(X > 2E[X]]

Themgm 4.2 6_m7+ﬂ,1/2
$=2/3 agd v=5/6 efml/z/z

Failure mode 3. Recall that uy = (k — b)s/m and Ay = mepy/>. If
this failure occurs, less than (k — b)s/m — Ay of the sample elements are
lexicographically smaller than the (kK — b)th element of 7. Define X; = 1, if
the sth sample element is lexicographically smaller than the (k—b)th element
of T, and X; = 0 otherwise. For X = Y7, X, E[X] = py = (k — b)s/m.
Now we can bound the lower tail probability of X using [18, Theorem 4.3]:

=A
PriX <pe—AJ 2™ PrX < (1-0)u
Theorem 4.3 6“152/2
— e_mQa/Z )

With parameters o = 1/6, = 2/3, and v = 5/6. we have that § < 2e — 1,
so we can use the simplified Chernoff bound [18, Theorem 4.3].

Summing up. Since the probability of the union of events is at most
the sum of their probabilities, the probability that some of the mentioned
failures occurs is still negligible. Up to now we have expressed the failure
probabilities as a function of m, but m = n — s > n/2 when n is large

enough, so the failure probability is of the form e oo

5. Concluding remarks

Since the selection problem has been extensively studied in the literature, it
was a surprise for us when we observed that Hoare’s randomized algorithm
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was the only one that solves the positioning problem, operates in-place, is
able to handle multiset data, and relies only on pairwise element compar-
isons. In this paper we described a more efficient randomized algorithm for
positioning having all these desirable properties.

Due to the in-place requirement our algorithm is quite complicated but, if
o(n) extra space is available, the bit emulation can be avoided. In the ex-
periments carried out when writing the paper [2] such a randomized method
using o(n) extra space turned out to be the fastest alternative if there were
many duplicates among the input. However, if the duplicates were rare, this
method specialized for multisets was slower than the unspecialized methods
due to more complex index manipulations.

Assuming that assignments of the form =z = A[i] and A[i] = A[j] are
considered as element moves, an element exchange may require three moves.
Using the hole technique (see, e.g., [8]), it is possible to implement our
randomized positioning algorithm so that with high probability it will carry
out at most 2k+o(n) element moves. If we are only interested in selection, it
would be easy to modify the algorithm so that it will perform o(n) element
moves with high probability.
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